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We present a data-driven approach to tensor-product quadrature rules.

e It enables higher-order accurate integration of cut elements based on implicitly defined domains.

The quadrature rules are compatible with existing cut finite element techniques.

We demonstrate the effectiveness of the approach via a series of embedded domain benchmarks.
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ARTICLE INFO ABSTRACT

Keywords: This paper presents a data-driven approach to develop higher-order accurate tensor-product-
cut finite element methods, immersed stencil quadrature rules for implicitly defined two-dimensional domains. We construct a three-
boundary, cut-cell integration, spline dimensional configuration space of possible domain cuts using a signed distance representation
interpolation, data-driven quadrature, based on circular arcs, defined by their radius and center, and exploit symmetry to simplify its
tensor-product splines three-dimensional domain. The configuration space, being piecewise smooth, is carefully par-

titioned into smooth regions, enabling three-dimensional tensor-product spline interpolation to
approximate quadrature data sampled from an established implicit domain quadrature technique.
The resulting quadrature rules are simple to apply, highly accurate, efficient, and can be used as
a black-box solution. We demonstrate compatibility with existing cut finite element techniques
and illustrate their application through numerical examples.

1. Introduction

The finite element method is well-established for solving partial differential equations. However, generating
boundary-fitted meshes may take up to 90% of analysis time in commercial applications [18], which has motivated
the development of isogeometric analysis and immersed boundary finite element methods. Cut finite element methods
— also known as embedded or fictitious domain, immersed boundary, or unfitted finite element methods — approximate
solutions on non-boundary-fitted meshes [13, 51, 57]. They eliminate labor-intensive mesh generation, but introduce
new challenges. One main challenge is numerical quadrature of weak-form integrals over cut cells, where domain
discontinuities preclude standard quadrature techniques [11, 23, 24, 26, 27, 33, 36, 37, 45, 48, 54, 59, 62]. Other main
challenges are the treatment of small cut cells that can cause ill-conditioning and discretization instabilities [4, 12, 14,
15, 17, 21, 22, 32, 42, 65], and enforcing boundary and interface conditions on immersed boundaries [1, 20, 25, 46,
47,52, 53, 56]. Cut finite element methods have been successfully applied to handle very large deformations [58] and
contact [6, 35, 50], topology optimization [49, 64], tackle trimming in isogeometric analysis [8, 29, 39, 60], and have
been implemented efficiently and robustly for large-scale computations [3, 5, 34, 41, 43, 55]. Comprehensive reviews
of cut finite element methods can be found for example in [13, 16, 57].

In this work, we propose a novel data-driven quadrature approach for immersed boundary methods, assuming
that smooth, curved geometries can be approximated up to second-order accuracy by circular arcs on sufficiently
fine meshes. We construct a three-dimensional configuration space of possible cuts on a unit square reference cell
characterized by the cell’s centroid C. We use a signed distance representation of circular arcs defined by a radius
R € [1,R,,,] to describe the cuts. By exploiting symmetry, we restrict the angular position to ® € [0, 7/4]
and the distance from the centroid to the cut to Z € [R — d/2, R + d /2], where d is the cell’s diagonal length.
The configuration space R X ® X Z is piecewise smooth, with C! continuity along certain cross-sections. We
carefully partition it into smooth regions, enabling three-dimensional tensor-product spline interpolation of sampled
quadrature data computed using Algoim [54] which in turn enables construction of accurate moment-fitted quadrature
rules [11, 28, 33, 38, 40, 45, 61]. By leveraging symmetry, the resulting spline interpolants of the moments enable high
precision black-box evaluation of integrals over cut cells.

*Corresponding author
& michal.mika@tu-darmstadt.de (M.L. Mika); r.r.hiemstra@tue.nl (R.R. Hiemstra); k.f .s.stoter@tue.nl (S.K.F. Stoter);
dominik.schillinger@tu-darmstadt.de (D. Schillinger)
ORCID(s): 0000-0003-3222-9179 (M.L. Mika); 0000-0002-0179-9606 (R.R. Hiemstra); 0000-0002-0179-9606 (S.K.F. Stoter);
0000-0002-9068-6311 (D. Schillinger)

M.t. Mika, R.R Hiemstra, S.K.F Stoter, D. Schillinger: Preprint submitted to Elsevier Page 1 of 25


michal.mika@tu-darmstadt.de
r.r.hiemstra@tue.nl
k.f.s.stoter@tue.nl
dominik.schillinger@tu-darmstadt.de

A data-driven approach to cut-cell quadrature using spline interpolation

1. A database consisting of N relevant cut-cases is generated.
There are two such cases per cut, one corresponding to each side.

2. A signed distance function is computed for each case.

3. The distance function is evaluated on a grid of pre-determined
quadrature points, which form the input of the neural network.

4. The network is optimized to minimize the mean squared error in
the moments of integration.

5. The fitted quadrature weights are the output of the network.

Hidden layers

Output layer
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Figure 1: Schematic of our initial neural network approach for cut-cell quadrature [30]. The accuracy of the neural network
approach is limited by (1) the convergence of stochastic gradient descent, typically @(1078)-©@(107%) in mean squared error,
and (2) the need to account for the smoothness of the configuration space.

This spline-based interpolation approach was motivated by our early research into learning techniques for cut-
cell integration, beginning in 2021 [30]. We initially employed small neural networks with 3-5 layers, as illustrated
in Figure 1, where a database of N relevant cut cases (two per cut, one for each side) was generated, signed distance
functions computed, and evaluated on a grid of pre-determined quadrature points (e.g., 9 points) to form network inputs.
A feed-forward neural network with hidden layers was optimized to minimize the mean squared error in the integration
moments, outputting fitted quadrature weights (e.g., 9 weights). However, we could not achieve the required accuracy
in cut-cell integration due to two primary limitations: (1) stochastic gradient descent typically achieves a maximum
accuracy of ©(1073) to @(107°) in the mean squared error loss function, resulting in quadrature errors of 010 to
©(1073); (2) attaining high accuracy necessitates carefully accounting for the smoothness of the configuration space
of cuts, as illustrated in Figure 2. Similar limitations have been observed in recent work on neurally integrated finite
elements for evolving domains [19], reporting integration errors of (1073). Further experiments with residual-based
multi-stage neural networks [63] reduced the training error by two orders of magnitude, but led to overfitting and
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Figure 2: The integrand of the constant function over the square is a C! piecewise smooth quadratic function.

poor generalization to test data. In contrast to these observations, our data-driven approach presented in the following
provides orders-of-magnitude greater accuracy, which is crucial for practical applicability in finite element methods.
It is based on a simpler spline interpolation methodology, which explicitly accounts for reductions in continuity and
can yield accuracies in the order of O(10712) to O(1073).

The remainder of this paper is organized as follows. Section 2 provides some background on implicit geometry
modeling and moment-fitted quadrature. Section 3 discusses the parameterization of the configuration space of cuts
and the generation of moment-fitting data for quadrilateral elements in two dimensions. Section 4 details the spline
interpolation of the moment-fitting data. Section 5 presents numerical experiments displaying stability and accuracy
for two-dimensional benchmark problems.

2. Moment-fitted quadrature on implicit domains

In this section, we review implicit geometry representation based on a signed distance function. We then summarize
some relevant background on numerical quadrature that is used in the sequel of this paper. Given a target space, we
introduce the equations that are needed for exact quadrature. Application of these equations leads to moment-fitted
quadrature rules. The concepts introduced in this section are later used in the design of the spline interpolant.

2.1. Implicit geometry description using a signed distance function

An implicit domain is defined as a set of points in Euclidean space that satisfies an equation f(x) = 0 with x € R?.
Because the equation is never explicitly solved for x, the representation is called implicit. If the function is represented
in terms of polynomials in x,, k = 1,...,d, then the surface is called algebraic. In this work, we consider a level-set
representation of geometry based on the signed distance function. However, we note that the proposed method does
not necessarily depend on the distance property of signed distance functions.
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Let Q € RY (d = 2,3) denote the physical domain with boundary dQ. A signed distance function is defined as
—dist(x,0Q) for x € Q
y(x) = . ey
+dist(x,0Q) for x & Q

where dist(x, Q) denotes the shortest Euclidean distance between a point x € R¢ and the boundary dQ. The
boundary 0d€2 corresponds to the zero contour of y (). The signed distance function is negative when x is inside of Q
and positive when it is outside of Q.

2.2. Moment-fitted quadrature

By means of moment fitting it is possible to attain higher-order accurate tensor product quadrature rules for
implicitly defined domains Q [45]. Typically, these moment-fitted quadrature rules attain high accuracy with relatively
few quadrature points. In the following, we briefly review numerical quadrature and discuss the conditions for exact
integration of moments in a specified target space.

Numerical quadrature
A quadrature rule is a numerical approximation to a definite integral of a function ¢(x), usually in terms of a
weighted linear combination of function evaluations at specified points in the domain of integration. The rule thus

corresponds to a set of quadrature points and weights, (x oW j), j = 1,...,m, such that the following quadrature
formula,
m
D wih(x) = / ¢(x) dx, @
j=1 Q

is sufficiently accurate for all functions ¢ in some predetermined function space V.

Conditions for exact integration of moments
Typically, the formula is required to be exact for an n-dimensional linear subspace V" C V, called the target space

for integration. If ¢,, @ = 1, ..., n, is a basis for the target space V", this leads to the following exactness conditions,
b1 (x1) - @y (%) wy Jodrdx
S o S R 3)
b (%1) o B (x) w, Jo &, dx
N v " N, e’
A w y

Here, the matrix A € R"™" is formed by evaluating the basis at the quadrature points, the vector w € R™ collects
the quadrature weights, and y € R” collects the moments. An important observation is that the quadrature formula
has 2m free parameters, m weights and m points, so we can hope to integrate exactly all functions in a target space of
dimension n = 2m. For example, an m-point Gauss-Legendre rule integrates all polynomials Xk k=0,1,...,2m—1,
exactly, and is optimal in the sense that there exists no other rule that exactly integrates all polynomials with fewer
quadrature points. For general target spaces V", such optimal rules are called generalized Gaussian quadratures [40].
The equations in (3) are highly non-linear in the location of the points x;, which makes simultaneous optimization of
the points and weights a challenging problem [9]. Of specific relevance to this paper is the work in [45], where the
above exactness conditions are used in the context of surface and volume integration on implicitly defined domains.

Remark 1. The moments in Equation (3) can be evaluated to high accuracy using higher-order accurate quadrature
rules generated by Algoim [54]. The method converts a level-set function that describes the integration domain into
an implicitly defined height function. It applies one-dimensional Gaussian quadrature in a suitable height function
direction estimated by one-dimensional root finding, which leaves an integral in one fewer spatial dimensions.
Repeating this procedure recursively down to the one-dimensional case yields higher-order accurate quadrature rules
with strictly positive weights. On the left of Figure 3, we show three cut cells with quadrature rules obtained via
Algoim. We note that our approach does not depend on Algoim, but any sufficiently accurate quadrature method can
be used to evaluate the moments.
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Solve Aw =y \

Figure 3: Moment fitting based on an accurate boundary-fitted quadrature rule.

Stencil of quadrature points

The above conditions for exact integration simplify considerably when the points are fixed a priori and only the
weights are optimized. In this case the equations describe a matrix problem, Aw =y, that is linear in the weights w.
The conditions for existence and uniqueness are then simple. A solution exists if A has full row-rank, which means
that AAT is invertible. If A itself is invertible then the solution is also unique.

In this work we consider the special case where the number of quadrature points m is equal to the dimension
of the basis for the target space V". Because {(;ba(x), a€l,..., n} is a basis for V", it follows that a unique set of
weights exist when the n quadrature points { x;, j=1,..., n} are unique. Matrix A is then invertible and the unique
set of weights can be computed from (3). In this work, we fix the stencil of quadrature points to coincide with a tensor
product grid of Gauss-Legendre nodes. An example of a quarter circle embedded in a 2 X 2 cell mesh is shown in
Figure 3. The integration points inside Q are shown in red and outside of Q in gray. The quadrature weights take values
in [—1, 1], see Remark 3.

Target space for quadrature
Let by ,(x) 1= (1) x* (1- x)’~* denote the k’th univariate Bernstein polynomial of polynomial degree p. The
target space V", investigated in this paper, is the space

V" 1= span (¢,(x), a € 1,...,n) 4)
of tensor product polynomials, ¢, (x) = by ,(x) - b ,(x), @ = (p+ 1) - I + k + 1. Its dimension is n = (p + 1)2.

Remark 2. Bernstein polynomials are strictly positive. This means that integrals of Bernstein polynomials are always
positive and are not affected by numerical instability. For this reason, we use Bernstein polynomials in all computations.

Remark 3. Moment-fitted quadrature rules described in Section 2 are known to generate negative quadrature weights.
While negative quadrature weights are typically not an issue when solving linear problems, in nonlinear problems
they can lead to an instability of the Newton solver [11, 28, 38]. For nonlinear problems we recommend to replace
Equation (3) by a nonlinear least squares problem that enforces positiveness of the quadrature weights [28, 38].

3. Parametrization of cut cells in two dimensions

For this approach, we restrict ourselves to two-dimensional cells and introduce a parametrization capable of
representing a large configuration space of cut cells. This parametrization is subsequently used to generate target
datasets for spline interpolation and testing the corresponding cut-cell integration accuracy. We will also explore the
smoothness of the parameter space and introduce a corresponding partitioning strategy for spline-based interpolation.

M.Lt. Mika, R.R Hiemstra, S.K.F Stoter, D. Schillinger: Preprint submitted to Elsevier Page 5 of 25



A data-driven approach to cut-cell quadrature using spline interpolation

3.1. Parametrization of circular cuts

We assume that we can approximate all cut contours via a circular arc. Therefore, our goal is to parametrize cut
cells for which the cut contour is described by a circle with radius R. To simplify the geometric description, we assume
that the cut contour is the zero contour of the signed distance function y(x) = ||x|| — R. Thus, all cuts are described
by a circle located at the origin of the coordinate system.

Since the circular cut is fixed at the origin, we place the cells relative to the cut contour. Let us consider a square
cell with edge size h, which is aligned with the x- and y-axis. The cell’s centroid is denoted by C. The ray from the
origin through the centroid is denoted by r. We introduce a radial position z € R* and an angular position 8 € [0, z /4]
to characterize the position of a cell relative to the circular cut. The radial position z = ||C|| is the distance between the
origin and the cell centroid along the ray r. The angular position € denotes the minimal angle between the ray r and
the x-axis. Due to symmetry considerations it is sufficient to limit the angular position € to the range [0, 7 /4]. Any cut
cell for 8 € (x/4,2x) can be transformed back to an equivalent cut-cell in the parameter range [0, z /4].

Figure 4: The configuration space of circular cuts is spanned by varying radius R > 0, varying angular position 0 < 0 < /4
and varying radial position, z > 0, of the cut cell with respect to the circle.

Given the circular cut parametrization and the cell diameter d = h\/2, it is easy to see that for a fixed radius R
and z > R + d/2 there is no angular position § € [0,z /4] for which the cell is cut. The cell is fully outside the
circle except for the edge case 6 = = /4 and z = R + d /2, in which the lower-left cell corner touches the cut contour.
Similarly, for a fixed radius R and z < R — d /2 the cell is fully inside the circle except for the edge case 0 = x /4
and z = R —d /2, in which the upper-right cell corner touches the cut contour. Figure 4 shows the configuration space
of such circular cuts and the relative positioning of the cells. The edge cases described above can be identified at the

angular position 6 = x /4.

3.2. Exploration of parameter space smoothness

Each cut cell represented by a unit square corresponds to a distinct set of parameters (R, z, ). By varying the radius
of the circle and the position of the cell we can span a large configuration space of relevant cut cases. Our goal now is
to generate data which can serve as the basis for tensor-product spline interpolation. In particular, for a certain target
space for the quadrature, we want to fit a tensor-product spline which maps (R, z, #) to the moments in Equation (3).
To achieve optimal approximation rates, the quadrature rules must be sampled from a smooth response surface. As we
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will demonstrate, particular attention must be paid to regions of the parameter space where the circle passes a corner
of the cell or where the number of intersections with the cell boundary changes.

Figure 5 illustrates a circular cut of radius R through four square cells with edge size h = 2R/3. The angular
position is fixed at # = z/8 and the ray through the centroids is now sketched horizontally. The first graph plots the
definite integral of a constant function in the region inside the circle, i.e. the cut-cell area A as a function of z. The
second graph depicts the corresponding integrand. A key observation is that the integral of a constant function over
the square cut cell is a spline that is C! continuous at those locations where the z-coordinate passes a corner of the
cell, or the number of intersections with the cell boundary changes. More generally, integrals of smooth functions over
square cut cells are at least C! continuous as a function of z, 8 and R. This implies that globally optimal higher-order
convergence of tensor-product spline approximations can only be achieved when the parameter space is appropriately
partitioned along the continuity transition loci.

/Ll

e

A'(z) S

Figure 5: The integral A(z) of a constant function over the square cell depicted here is a spline that is C' continuous at those
locations where the z-coordinate passes a corner of the square element, as clearly visible in the derivative A’(z) = dA(z)/dz.
More generally, integrals of smooth functions over the square cell are at least C!' continuous functions of z, # and R.

In order to find all continuity transition loci, we assume R > h and explore the parameter space in a systematic way.
The premise we follow while partitioning the parameter space is that the whole parameter range R—d /2 < z < R+d /2
and 0 < 6 < 7#/4 must be covered. The assumption R > h allows us to identify 15 distinct smooth cases, where no
corner is passed by the circular cut and the number of intersections with the cell boundary is constant. Without the
assumption R > h, the number of cases would be larger and their geometric description more involved. Moreover,
aradius R < h implies geometric features that are of the order of the element size, which in turn implies that mesh
refinement could be required for accuracy.
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3.3. Partitioning of the parameter space

We have already established that for z = R—d /2 and 8 = x /4 the cell is fully inside the circle and the upper-right
corner touches the circular cut. Since for z < R — d /2 there is no 6 for which the cell is cut, we can identify this limit
case as one of the C! transition loci and define

d
zg=R— —. 5
9 > )
For z > zq we observe that the angular position € at which the upper-right corner touches the circular cut is smaller
than 7 /4. We find the exact angular position from the condition that the norm of the vector from the origin to the

upper-right cell corner must be equal to R,

( RP-Z22—h2)2 P
03 = arcsin| —— | — —. (6)
zh\/z 4

This bounds the angular position to the range 8y < 6 < z/4. The cuts in this range represent cut cells, whose cut is
located at the upper-right corner region of the cell. These cuts intersect only the top and the right cell edge and do
not pass any cell corners in the identified 8 range. With an increasing radial position z, the angular position € tends
towards zero. At 8 = 0, the bottom-right corner comes into contact with the circular cut. Any further increase of the
radial position z implies that the bottom-right corner passes the cut contour. Thus, this locus is one of the C! transition
loci. From Equation (6) we find the upper bound on the radial position z,

/ h> h
zZg = RZ—Z—E. (7)

With the radial position bounded in zg < z < zg and the angular position bounded in 3 < 6 < z/4, we have

successfully identified a smooth parameter partition which covers cases where the upper-right corner region is cut by
the circular cut contour as shown in Figure 6.

0=m/4 / 0=m/4
R R
0=m/8 0=m/8
) "1,. )
f -0 -0
T : T
2= 29 2= <8

Figure 6: Sketch of the cut case with bounds z, < z < zg and 6y < 6 < 7 /4.

Next, we analyze the next closest cut case. As shown in Figure 6 for the set of parameters § = 0 and z = zg, the
bottom-right and top-right corners are in contact with the cut contour. By increasing the radial position z we observe
that both corner regions on the right side of the cell are cut by the circle. The radial position z can be increased only until
the right edge comes into contact with the cut contour. Any further increase would change the number of intersections
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of the cut contour with the cell boundary. From the condition for the intersection of the right cell edge with the cut
contour we find
h
z7=R——. 8

7 > (@)
This bounds the radial position to the range zg < z < z7. Now, by increasing the angular position § we see that the
region cut-off at the bottom-right corner reduces in size and the corner itself approaches the cut contour. From the
condition that the norm of the vector from the origin to the bottom-right cell corner must be equal to R, we find

R?>— 22— h?)2
0¢ = arccos| ———— | —

z
zh\/z 4’

which bounds the angular position to the range 0 < 6 < 6.

©))

Figure 7: Sketch of the cut case with bounds z; <z < z; and 0 < 6 < 6,.

Remark 4. It should be noted that both 6 and 85 are functions of the radial position z. Moreover, for the radial
position z = zg we find that the angular positions 6 and 65 are equal to zero and z /4, respectively. Thus, for z = zg
the angular position range degenerates in both cut cases to a point. This behavior does not pose an issue in the method.
Nonetheless, it is a subtlety that will have important implications in Section 4.

Any square cell with edge size A that is intersected by a circle of radius R > & can be assigned exactly one of the
15 smooth cut cases. The parameter domains associated with the individual cases are mutually disjoint. Hence, for any
given combination of parameters z, @ and R there exists a unique case to which the cut cell belongs. For completeness
we summarize all 15 smooth cut cases in Appendix A and show the partitioned parameter space in Figure 8. The cases
illustrated above are case 15 and 13, respectively. We refer the reader to an interactive GeoGebra applet that visualizes
all 15 configurations. The GeoGebra files are also included in our repository.

3.4. Normalization of cut-case parameters

We now have a parametrization of the configuration space of circular cuts as well as an appropriate partitioning of
that parameter space for a fixed radius R. In each cut case defined by a partition, integrals are smooth functions of the
radial position z and the angular position 6. In fact, integrals of smooth functions over the 15 cut cases in Appendix A
are smooth functions not only in terms of z and € but also in terms of the radius R of the circle. Since the geometry
of the cut case is constrained by bounds on the radial position z and the angular position 6, which both depend on R,
neither corners nor additional edges are intersected by varying R. For a fixed cut case the parameter R controls merely
the curvature of the cut contour. In a sense, the bounds on z and 6 characterize the limit shapes of the cut.

This observation suggests to normalize the ranges for z and 6 in each cut case to an interval [0, 1] and thus to use the
set of parameters {(R, Z, 9) : Re(l,x], 2€][0,1], he [0, 1]} to characterize each of the 15 cut cases numbered by
t =1, ..., 15. Conveniently, the normalization of the parameters z and 6 simplifies the interpolation domain in each cut
case to [Rpin» Rmax] X [0, 11X [0, 1]. The parameters can be interpreted as follows. The cut case number ¢ characterizes
the type of the cut. The radius R controls the curvature. The normalized radial position Z and the normalized angular
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Figure 8: Partitions of the parameter space (z, 0) for unit square cells cut by a circle of radius R = 1.5. The colored regions
labeled by a number correspond to smooth cut cases in z, < z < z; and 0 < § < /4. The gray regions correspond to cells
which are either completely inside or completely outside of the circle. We annotate characteristic values for z and 6 that
depend only on the radius R and the cell width A.

position f localize the contour within the geometric constraints. Note that on the one hand, the tuple (R, Z, 0, t) can
always be associated with a unique (R, z, 8). On the other hand, the tuple (R, z, #) may not always be uniquely expressed
by (R, 2,8, 1). For example, in cases where the angular position range degenerates to a point, the normalized parameter 0
becomes a free parameter that maps to a constant 8, see Remark 4. In these special cases, some cut configuration will
be sampled multiple times. In practice, this is not an issue as the response surface is constant for § € [0, 1].

4. Data-driven quadrature using spline interpolation

Our goal now is to design a data-driven approach that can generate a set of quadrature points and the corresponding
weights given a level-set description of the cut contour. We use tensor-product B-splines to interpolate a given dataset
of response surfaces of the moments in Equation (3) for all 15 smooth cut cases. The dataset is generated in an offline
stage using Algoim [54]. In the online stage, given the spline approximation of the response surface of the moments and
a circular approximation of the cut contour on a given cell, we can then evaluate the spline and obtain the moments we
require in order to solve for the quadrature weights in Equation (3). By that we circumvent integration of the moments
using expensive quadrature schemes. For cut-cell quadrature in nonlinear problems, we could directly interpolate the
response surface of the quadrature weights and thus shift the solution of the nonlinear least squares problem to the
offline stage, see Remark 3. In this work, we consider only linear problems and solve the linear problem in Equation (3)
in the online stage.

4.1. Overview of the data-driven quadrature pipeline

Figure 9 shows the procedure of obtaining data-driven patch quadrature rules with Cartesian-product quadrature
points. Cartesian-product quadrature points are suitable for formation and assembly via sum factorization on tensor-
product spaces [2, 10, 31]. Given a level-set description of the cut as well as the cell domain, we first find a circle
that best approximates the cut in the least squares sense. Here, we can reuse expensive level-set evaluations from the
identification of cut cells. The cut configuration is then mapped back to the parametrization of circular cuts introduced
in Section 3 by means of translation and scaling operations. Additionally, if the cut falls outside of the interpolation
range of the angular positions 6 € [0, z /4], we find the corresponding symmetry transformation to an equivalent cut in
the interpolation range. For the identified cut configuration, we find the corresponding cut case and normalize the radial
and angular positions. We then evaluate the moments for the target space for the quadrature and map these integrals
forward to the physical cell. Depending on the phase to be integrated, we may have to compute the complement of the
moments integral on the cell domain which can be achieved via standard Gauss rules. Having the required moments, we
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can solve Equation (3) for the corresponding quadrature weights. If the cell is not cut and fully inside the cut contour,
we return the standard Gauss rule for that cell. If it is fully outside, we set the weights to zero.

|

/ Levelset ¢(z)
/ and cell domain Q /

Return standard Gauss quadarature
points on  and weights set to zero

—

| B

o A\

A . N A . . . N

 Cell is cut? » o ( Cell is inside? ) T» Return standard Gauss quadrature rule on Q ‘—»
4 \ 4

lyes
q q ( Map moments from a unit Compute the complement

Find a circular approximation

square to the physical cell Cut is concave7 es of the moment on the
of the cut contour L < Py cell domain Q
' I

Find (R, z,0) by translating the circular
approximation towards the origin and
mapping the cut to an unit square cell I no

|

Determine the cut case number ¢ and the
symmetry transformation if 8 > 7 /4.
Table 2, Appendiz A

‘ Apply symmetry transformation

Evaluate moments by calling the
spline interpolant corresponding to
the parameter set (R, 2, 8, t)
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Figure 9: Flowchart summarizing the generation of cut-cell quadrature rules with our data-driven approach for a cell patch.

Evaluate Berstein basis
at Gauss quadrature points | «———————|
A — Eq. (3)

4.2. Tensor-product B-spline interpolation of the response surface

Our target space for the quadrature is spanned by g¢’th degree tensor-product Bernstein polynomials ¢,(x),
a =1,...,(q + 1)>. We consider a parametrized integration domain Q, that represents the region of a reference cut
cell that is inside a circular disk. For a fixed cut case 7, the integration domain is uniquely determined by &€ = (R, 2, 6).
The moments of ¢,(x) on the integration domain Q, are denoted by

%@=/¢Nx (10)
QC

We use tensor-product B-splines to interpolate the response surface of all (g + 1)> moments in terms of &.

An univariate B-spline basis function B; ,(£), £ € R, is a piecewise polynomial of degree p characterized by a
non-decreasing knot vector {51, &yt §n+p+1} where & <&, < - <¢,, 4 and §; € R. The knots do not need to
be unique. A repeated knot with multiplicity r reduces the smoothness of the basis at that particular knot to C?~". In
the case of open knot vectors, the first and last knot have multiplicity p + 1 such that the basis becomes interpolatory
at those knots. In this work we consider open knot vectors and B-splines of maximum regularity [7].
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In the trivariate setting, the basis functions in terms of & = (&}, &,, &) are constructed as a tensor-product of the
univariate basis functions,

d
B;(&) = H B;, 5. (&) (11)
k=1
Here, the multi-index i in the index set 7 = {(il seenig) 120 S, k=1,2, 3} is used to denote the multivariate

basis functions. The polynomial degree of the interpolation space is set to g2 in each parametric direction. Given a set
of interpolation sites {!ji}i <7 the interpolation problem is stated as
mo(€)) =) ¢ . Bi(&) (12)
iel
where ¢; , are the control points corresponding to the moment m, (). We choose the interpolation sites to be a Cartesian
product of the univariate Greville abscissae [7] which in the k’th parametric direction is given by

B St pt o +& p

Tik A 5 lk= 1,...,nk. (13)

Taking advantage of the separable nature of tensor-product B-splines evaluated at Cartesian product interpolation
sites, we can write the interpolation problem in matrix form, where the interpolation matrix has a Kronecker product
structure. We denote the small, univariate interpolation matrices in the k’th dimension by [M;] el = B (Tik). The
multivariate interpolation matrix is given by M = M3 ® M, ® M. The interpolation problem in matrix form reads

Mc, =m (14
where [c,]; = Cig and [m,]; = m,(&)).

4.3. Implementation aspects

In practice, we fix the interpolation space for all a, such that the interpolation matrix M is computed only once
and the interpolation problem is solved for (g + 1)? right-hand sides. The right-hand sides in the offline stage are
evaluated to high precision using a Julia wrapper around Algoim [54]. Note that the inverse of the Kronecker product
interpolation matrix is M~" = M;! ® M;! ® M. This greatly reduces the computational cost of the interpolation
as the univariate matrices are small enough to be inverted directly. Similarly, the evaluation of the spline interpolant is
inexpensive, since the interpolation matrix must never be explicitly assembled. The inference of the moments 7, from
the interpolant scales with @(N*/3), where N denotes the dimension of the interpolation space,

g (&) = M) c,. (15)

While the polynomial degree of the interpolation space is fixed for a particular target space for the quadrature, the
knot vectors can vary between the 15 cut cases. We refine the spaces per case in a manual fashion as needed to reduce
the interpolation error in the test data. The test data is generated as a Cartesian product of the midpoints of the Greville
abscissae,

Ti, t T+l

k=l L (16)

Hi =
To identify regions of the parameter space that require refinement, we analyze the pointwise error in the test data,
|m, () — m,(u)|, and refine accordingly. This is performed manually for a small radius range and all cut cases, and the
resulting interpolation spaces were used for all other radii in the interpolation range.
In order to have additional flexibility in the interpolation, we set up separate interpolants for radii in the
ranges [R, R+ 1] with R =1, ..., 30. Thus, we can always extend the interpolation range if necessary.
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4.4. Adaptive quadrature

The cut parametrization used in our data-driven approach has the strict constraint that the radius of the circle
approximating the cut must be larger than the width of the cell, R > h. This constraint was introduced to limit the
number of special cases arising in the partitioning of the parameter space of circular cuts. In the context of cut finite
element methods, a violation of the constraint implies geometric features that are of the order of the element size.
Thus, in practice we require refinement of the embedding mesh to resolve such geometric features. With sufficient
refinement, the constraint is satisfied.

To improve robustness in general applications, we implement an adaptive subdivision technique based on quadtrees.
We subdivide cells that violate the constraint R > A until the constraint is satisfied and our data-driven approach is
applicable. The stencils of quadrature rules generated using this approach are Cartesian only on the leaves of the
quadtree that represents the adaptive subdivision. We note that in our case, the goal of the quadtree approach is not to
increase the accuracy of cut-cell integration as for instance in the finite cell method [48, 57]. The objective is merely
to satisfy the constraint R > h. A similar subdivision process is used in Algoim if a suitable height function direction
cannot be found on a coarse cell [54].

5. Numerical experiments and results

In the following, we present numerical experiments in which we use our spline interpolants to obtain quadrature
rules for various cut domains. We first use the data-driven quadrature rules to integrate a constant function over a cut
domain. In particular, we measure the area of a squircle that is deformed by sinusoidal terms. We compare the area with
results that we obtained with quadrature rules computed with the Algoim library [54]. Next, we show convergence rates
for a potential flow problem around an elliptic cross-section. Finally, we perform an eigenvalue analysis of stiffness
matrices integrated with different quadrature rules to assess the corresponding accuracy in more detail.

5.1. Accuracy and performance of spline-based moment interpolation

Figure 10 shows the response surface of the nine moments corresponding to a quadrature rule of order two and the
sixth cut case. The response surface in the sixth case is particularly interesting because it covers a large partition of the
parameter space, see Figure 8. We fix the radius to R = 5 and plot the response surface in terms of the normalized radial
position 2 and the normalized angular position . The depicted grid represents a slice of the actual data set, i.e. the grid
of Greville points used in the interpolation. The sensitivity of the qualitative shape of the response surface to the cut
radius R is low. Therefore, Figure 10 is qualitatively representative for other radii. We can see that the interpolation
space was refined near = 1 in order to reduce the error in that region of the parameter space. The response surface
is also constant for Z = 1 as can be verified in Figure 8, where the range for 8 degenerates to a point.

Figure 11 illustrates the pointwise error distribution in more detail. The violin plots show the statistical distribution
of the magnitude of the pointwise error in the test dataset for a fixed radius R = 5 and all nine moments in all 15 cut
cases. In many cut cases, the error spans a wide range of values. The refinement of the interpolation space will reduce
the error in all moments, but the error range between the moments tends to remain unaffected by the refinement. Thus,
while some moments might be already approximated up to machine precision, others might not yet reach the required
accuracy. In some cut cases, a few moments exhibit larger errors. A particular cut case with a larger error margin is the
case number seven. In that case the errors in the first, fourth and seventh moment reach values ((10~>) with a small
number of grid points. As this is the accuracy level we aim for in our data-driven approach, we choose not to increase
the fidelity of the current spline interpolant. Overall, the mean error in the test data is ()(10~!?) and the maximum error
is 9(107°), albeit the standard deviation in all cases is (10~%) on average.

In Figure 12 we compare our data-driven approach to generate quadrature rules on cells cut by random non-
polynomial contours to a direct application of moment-fitting. Our data-driven approach shifts the computational effort
of moment evaluation to an offline stage, where we compute tensor-product splines that approximate the response
surface of the moments. In our current implementation we observe average speedup factors of 50.46 for rules of equal
accuracy order.

Remark 5. In this work, the spline spaces used to approximate the response surface have on average around 7,000
degrees of freedom for g = 2 and close to 14,000 degrees of freedom for ¢ = 3. The ad-hoc refinement approach we
employ in this work is tedious and surely not optimal. An automated and more sophisticated approach to choose
appropriate spline spaces for the interpolation could lead to smaller interpolants that achieve better accuracy, in
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Figure 10: Response surface of moments /Q ¢, dx, a =1,...,(g+ 1)?, in terms of the normalized radial position 2 € [0, 1]

and the normalized angular position § € [0,1] in cut case six for a fixed radius R = 5 and the quadrature order ¢ = 2. The
qualitative shape of the response function has low sensitivity with respect to the radius R.

particular if the spline spaces are to be specialized for different ranges of the radius of the circular cut and/or the
individual moments. We leave that aspect to future work.

5.2. Accuracy of interpolation-based area integration
Let us consider the following level-set function of a squircle with a sinusoidal deformation,

w(x) = (%)4 + (%)4 + cos (%x1> _ sin (%xz) ~15. 17)

We are interested in computing the area A = fg dx of the region Q enclosed by the contour y(x) = 0 using our
data-driven quadrature approach. Figure 13 illustrates the region Q and the quadrature points computed using our
data-driven approach. The embedding domain is meshed by 16 X 16 elements. The black line shows the exact contour
line. The orange line plotted on top of the slightly thicker black line shows the contour approximation by circular
arcs. The quadrature points are plotted as gray points with a diameter that is proportional to the magnitude of the
corresponding weight. Note that the stencil forms a Cartesian product of quadrature points on the complete patch.

We compute a reference area A, enclosed by the exact contour by evaluating a high-order quadrature rule obtained
from Algoim [54] on a mesh with 1,0242 cells. Table 1 shows the absolute error with respect to the reference area,
|A — A,.¢|, for consequent uniform subdivisions of the embedding domain and different orders of the quadrature
rule. On coarse discretizations, we observe that for ¢ = 2 the proposed approach to cut-cell integration performs
significantly better than the corresponding quadrature rule obtained via Algoim [54]. For ¢ = 3 the proposed method
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Figure 11: Distribution of the pointwise error |m, — i1,| of moments m, = fﬂ ¢, dx, @« = 1,...,(g + 1)* and the spline
interpolant estimates i, on the test data grid for radii R in the interval [5,6] and the quadrature order ¢ = 2.
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Figure 12: Tukey style plot of the distribution of computational time needed to generate quadrature rules on cells cut
by random non-polynomial contours. The data-driven approach, where the moments are obtained from an evaluation of
a tensor-product spline computed in an offline stage, outperforms direct moment-fitting with online evaluation of the
moments on average by a factor of 50.46.
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Figure 13: Squircle with sinusoidal deformation and the corresponding quadrature points on the domain [—3,3]> meshed
by 16 x 16 elements. The diameter of a quadrature point is proportional to the magnitude of the corresponding weight.

still outperforms Algoim [54] in all cases but one, although the difference is much smaller for third-order rules. For
q = 4 and finer meshes our method is outperformed by Algoim [54]. We run into the accuracy limit of the interpolants
used in the approximation of the moments. Interpolants of higher fidelity are necessary to further reduce the error.
This simple test case shows that given an appropriate interpolation, smooth contours can be accurately captured by the
proposed method. The accuracy improves with mesh refinement, until the fidelity limit of the interpolant is reached.

5.3. Accuracy of cut finite element analysis using interpolation-based quadrature

In this example, we use our technique for cut-cell integration to form the system matrix in a cut finite element
method. We use the method to model an incompressible, irrotational flow of an inviscid fluid around a cylinder with an
elliptic cross-section. The ellipse describing the cross-section has principal axes a = 1/3 and b = 1/6 and is aligned
with the grid. Far from the cylinder we assume a constant unit pressure and a uniform flow with unit velocity U. The
complex potential F.¢(z) = uo¢(x, y) + ifl,;(x, y) that characterizes the flow in terms of z = x + iy is

a+b> z+\/z2—c2+z—\/z2—c2

2 a+b a+b

Eﬂ@z—U( (18)
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Table 1

Absolute error in the area measure in the test case of a squircle with sinusoidal deformation. The embedding domain [-3, 3]
is meshed uniformly resulting in N square elements. The reference area was computed using high-order Algoim quadrature
rule [54] on a mesh with 1,024? elements.

Order Approach N =42 N =82 N = 16? N =322 N = 647 N =128
Y Ours 3.5447-1072 2.8964-10™* 1.8544-10™* 6.1210-107> 1.0542-107 9.9767 - 107
7= Algoim 5.1852-10° 1.2172 - 10° 3.1580- 107! 7.8422-107% 1.9216-10"2 5.0909 - 10~3
-3 Ours 3.5446 - 1072 2.8967-10™* 1.8546-10™* 6.1202-107> 1.0541-107 9.9799 - 10-¢
4= Algoim 1.7056 - 10" 2.3931-1072 1.3779-107% 3.6315-10~* 4.2792-107 2.1142-107°
g=4 Ours 3.5446 - 107> 2.8965-10™* 1.9857-10™* 5.7083-107° 1.3262-107 6.3017-10°°

Algoim 3.5308 - 1072 1.0392-1073  1.8291-107° 2.4212-1077 3.2349-1077 1.0572-107%

where ¢ = Va2 — b? is the linear eccentricity of the elliptic cross-section. The real part u,.; corresponds the velocity
potential and the imaginary part i, is the conjugate stream function to u ;.

We formulate the boundary value problem in terms of the velocity potential. Let us consider a bounded two
dimensional domain Q = Q_ \ Q.. The embedding domain Q, is a square [—1, 1]%. The region Q. subtracted from Q
is the elliptic disk representing the cross-section of the cylinder. The boundary of the domain Q is 0Q =T"p, U T'p,
where I'p = 0Q  and 'y = {x €R? : (x;/a) + (x,/b)* = 1.0}. The unit normal on 0L is denoted by n. The
velocity potential u : Q — R that characterizes the flow satisfies the following boundary value problem,

Au=0 in Q
u=u, on I'p (19)
Vu-n=0 on I'y.

We want to find a velocity potential u € H'(Q) that satisfies the weak form of the boundary value problem above.
LetVy = {ve H(Q) : v=0onTy}.Givenalifting function uy, € H'(Q) with up, = u..; onT'pp and u = uy+up,
we identify a homogeneous potential u, € V;, that satisfies

/VuO-Vde=—/VuD-Vde Vv eV,. (20)
Q Q

In the finite dimensional setting, we search for u? & VO” C V, and set VOh to tensor-product B-splines that satisfy

homogeneous boundary conditions on the Dirichlet boundary,
Vi={B :i=(i.i)),2<iy <(m -1, 1<k<2}. 2n

The discretized variational formulation of the potential flow problem in the immersed setting reads
/Vug-dex=—/qu-Vudx Vo eV (22)
Q Q

The potential ug extends smoothly into Q..

We use our data-driven quadrature rules to form the system matrix for polynomial orders p = 2, 3. We solve for
the velocity potential and use the real part of the complex potential in Equation (18) to set the Dirichlet boundary
conditions on Q. Figure 14 shows a zoom into the embedding domain together with the quadrature points of a third-
order quadrature rule. We observe that the circular approximation of the elliptic cut fits the contour accurately, even
though the curvature of the cut contour is not constant within an element. Under refinement, the variation of the
curvature of the cut contour within an element is reduced and the circular approximation of the cut improves. Given
that the error in the contour approximation is lower than the discretization error and the quadrature weight interpolants
are sufficiently accurate, we expect the optimal rate of convergence of the method to be preserved.

Figure 15 shows the velocity potential together with the pressure field and the streamlines obtained from a cut
finite element approximation on an embedding mesh of 32? elements, where cut elements are integrated via our
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Figure 14: Elliptic cut of with principal axes a = 1/3 and b = 1/6 together with corresponding quadrature points on the
domain [-0.5,0.5]*> meshed by 16 x 16 elements. The diameter of a quadrature point is proportional to magnitude of the
corresponding weight.

Potential Pressure
-1.0e+00 -0.5 0 0.5 1.0e+00 3.7e-01 06 08 1 1.2  1.5e+00

. '

Figure 15: Velocity potential with contour lines and pressure along with streamlines for the test case of an elliptic cut.

interpolation-based approach. The pressure field is found directly from the gradient of the velocity potential and the
Bernoulli’s equation. The two stagnation points are located along the major axis of the elliptic cut. We do not observe
any potential issues in the solution fields.

Figure 16 shows the convergence of the relative error in the L? norm for the velocity potential. The error is
measured with respect to the analytical solution given in Equation (18) and is plotted against reference computations
using quadrature rules generated by Algoim [54] for quadrature orders ¢ = 2, 3. The error follows the reference error
measure closely and the convergence rates are close to the expected rate O(h?*1).
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Figure 16: Convergence rate of the relative L? error in the velocity potential for the elliptic cut problem, integrated via
quadrature rules of order ¢ = 2,3: comparison between our interpolation-based approach and Algoim [54].

5.4. Spectral accuracy of stiffness matrices

In the final example, we consider a gear-shaped geometry shown in Figure 17. We perform an eigenvalue analysis of
the stiffness matrix which allows us to quantify the accuracy of our quadrature technique in more detail. We discretize
the square embedding domain by 16 elements in each direction and set the polynomial degree to p = 2. Since the
discretization does not resolve the geometric features, we resort to the adaptive variant of our quadrature approach.
The resulting quadtree structure and the associated quadrature points are shown in Figure 17. Out of the 256 elements,
44 elements are cut.

We compare the spectrum of the stiffness matrix integrated with our interpolation-based approach to the spectra
of stiffness matrices integrated with Algoim rules of two different accuracy levels. When we use the reference Algoim
rule of order ¢ = p + 12, the total number of quadrature points in all cut elements is ng), ., = 39,900. When we use
the Algoim rule of order ¢ = p+4, we obtain 4,320 quadrature points in all cut elements. The latter number is roughly
equal to the 4,176 points points generated by our interpolation-based method.

Figure 18 shows normalized spectra of the stiffness matrix when formed with our adaptive interpolation-based
approach and the Algoim rules. We sort the eigenvalues by their magnitude. The largest errors occur towards the end
of the spectrum where the eigenvalues are largest in magnitude. The largest error in the spectrum of the stiffness matrix
integrated with our approach is 0.3%, while the largest error for Algoim is 3.8%. These errors can be interpreted in
terms of the Hausdorff distance with respect to the normalized reference spectrum which is 0.0031 for our method and
0.0375 for Algoim. More importantly, we see that our quadrature approach leads to lower errors in the low modes of
the spectrum than an Algoim quadrature rule with a comparable number of quadrature points. This result highlights
the accuracy of our approach.

6. Summary, discussion and conclusions

In this work, we presented a data-driven quadrature technique for integration of cut cells. Our technique is based
on accurate moment fitting quadrature on a parametrized configuration space of circular cuts, and a consequent spline
interpolation of those moments on the parameter space that characterizes these cuts in terms of the radius R, radial
position z and the angular position . The moments are not globally smooth in terms of the cut parameterization. To
satisfy the regularity considerations, we introduced a partition of the parameter space into 15 distinct cut cases, on
which integrals of smooth functions are smooth functions of R, z and . With that we were able to interpolate the
moments for all 15 cut cases to an accuracy in the range of (10~'%) to @(10~3). In order to capture small geometric
features, we adapted the well-known adaptive quadrature concept based on quadtree subdivision of a cell.
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Figure 17: Gear-shaped cut contour on an embedding square [—2,2]? discretized with 16 elements in each direction. The
quadrature rule is adaptively refined in each cell such that R > h and thus our proposed approach is applicable.
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Figure 18: Stiffness matrix spectra in the gear example normalized with respect to a reference spectrum computed with
an Algoim quadrature rule of order (p + 12). The normalized spectrum of our method is plotted against the normalized
spectrum obtained with Algoim and a comparable number of points (quadrature rule of order (p +4)).

Potential advantages with respect to other cut-cell quadrature approaches

The accuracy of our interpolation-based quadrature approach was successfully validated in comparison to the state-
of-the-art cut-cell quadrature library Algoim [54] for several test cases. In particular, we showed that our data-driven
quadrature approach is more accurate than an Algoim [54] quadrature rule with a similar number of quadrature points.
The high accuracy of our approach is a direct result of using spline interpolants devised from moments that are evaluated
to high precision. Additionally, our approach enables fine-grained control over quadrature accuracy by adapting the
spline spaces employed in the interpolation of the moments.

Unlike cut-cell quadrature techniques that generate rules for each cut cell individually — for example by recursive
cell subdivision [48, 57], explicit reconstruction of the cut at the quadrature point level [27, 36, 59], individual moment
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fitting for cut cell [33, 45, 61], or recursive conversion to a graph of a height function and root finding [54] — our
approach shifts expensive setup steps to an offline stage. Once the interpolants of moments are constructed, the
generation of a quadrature rule reduces to inexpensive evaluations of tensor-product splines. The evaluations scale with
O(N*/3), where N is the dimension of the interpolation space. Our approach therefore avoids expensive geometric
operations or root finding.

In addition, our approach still results in quadrature rules on a Cartesian product stencil. It therefore enables
straightforward and streamlined application of fast formation and assembly techniques, such as sum factorization,
which outperform standard elementwise assembly procedures [2, 10, 31]. It does not rely on hybrid approaches that
combine fast formation and assembly strategies for regions that do not intersect the cut contour and elementwise
procedures for the cut elements [43, 44]. Moreover, the reuse of already available level-set evaluations from the cut-cell
identification in parameter estimation also contributes to efficiency, since no additional high-cost geometry processing
is required.

Practical applications

While the present work is primarily intended as a first methodological study, we envision that our technique could
be promising in the context of large-scale cut finite element simulations. In particular, our approach could be beneficial
where cut elements are abundant and evolving, such as problems in multiphase flow, fluid—structure interaction with
moving boundaries, or topology optimization with evolving domains. In these contexts, the efficiency gain of our
data-driven, spline-based quadrature generation, combined with sum-factorized finite element assembly, can lead
to a significant reduction in overall computational cost. Moreover, the flexibility to adjust spline spaces provides a
mechanism for balancing accuracy and efficiency depending on the application.

For practical adoption in combination with fast formation techniques, the present method requires an extension to
non-smooth cuts. This extension would enable handling of sharp corners accurately and efficiently. Figure 19 shows that
accurate representation of straight cuts and sharp corners currently requires adaptive refinement which precludes the
application of sum factorization. The formulation of suitable parametrizations for straight cuts and sharp corners would
reduce the number of quadrature points significantly and, at the same time, enable fast formation by sum factorization.

Furthermore, we have shown that moment-fitted quadrature rules using our data-driven approach exhibit high
accuracy, since the interpolants approximate nearly exact moments. The efficiency of our method would greatly benefit
from careful assessment and control of the quadrature accuracy versus the discretization error. Clarification of this
question would also shed more light on the efficiency of our approach in comparison to other established methods, in
particular in the context of finite element assembly using sum factorization and standard elementwise techniques.

Future work

In the future, we plan to extend the proposed approach to boundary integrals and cut cells in three dimensions.
We also would like to explore a significant reduction of the size of the spline interpolants at a given accuracy level by
optimizing the spaces for the interpolation of the moments. In addition, the versatility and robustness of our approach
can be further improved by introducing a parametrization for straight cuts, which we currently approximate by circles
of large radius, and for sharp corners.
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Figure 19: A unit square positioned at (0.13,—0.09) and rotated by an angle of 7/6. The embedding domain [—1,1]? is
discretized by 10 x 10 elements. Approximating the contour with circles of radius R < 3 results in significant geometric
errors, as illustrated on the left side of the figure. The error in the area measure is 2.9 x 1073, which is to be viewed with
caution, as the contour is significantly misrepresented. As shown on the right, adaptive refinement can be used to accurately
represent sharp corners and straight edges. For a second order quadrature rule, the uniform mesh results in 342 quadrature
points, whereas the adaptive refinement leads to 3132 quadrature points. Using the adaptively refined quadrature rule, the
error in the area measure is 1.15 x 107>, Application of sum factorization is not possible with adaptively refined rules.
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Partitioning of the circular cut parameter space

The analysis of the parameter space of the circular cuts of radius R revealed 15 distinct smooth parameter partitions

valid under the assumption that the cell edge size / is smaller than R. The following characteristic angular positions 6
and radial positions z have been identified:
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Case | Radial positions | Angular positions || Case | Radial positions | Angular positions
1 z, £ z<L 7 0, <0<n/4 9 Ze <2< Zs 0o <0<n/4
2 z;5z< 2z, 0, <0<06, 10 z; <2< zg 0<0<9,

3 z;,52<2z, 0, <0<n/4 11 z; <2< zg 0, <6<6,
4 z,<z< 24 0<6<0, 12 z; <2<z 0 <0<n/4
5 2, £2< 24 0, <0<nx/4 13 zg<z< 2, 0<6 <6

6 z5<z<2z, 0<6<8, 14 zg Lz<2z 0 <0<n/4
7 z5<2<2z4 0,<0<n/4 15 zyg <2< zg 0, <0< nx/4
8 ze <z < zs 0<6<86

Table 2
Ranges for the radial position z and the angular position 6 for each parameter partition representing a smooth cut case.

2+h?/2-R?
z1=R+g 0, = arcsin z / -z
2 1 4
b zh\/_
27 sin(8,) 9, = arctan <2 h
h
=R+ - h 2
zs * 2 05 = arccos < / >
h®> h
z4 = RZ—Z"'E <R2 z—h2/2> P
0, = arcsin + s
_ R 42 zh\/_
Z5 = - T /’l
05 = arctan(
Zo= s R
6~ 2sin(65) < R -z —h2/2> .
h 0 = arccos -7
zZ7 = R — 5 Zh\/_
R - h/2
, h* h 0, = arccos
=R -3 -3
R>—z2—h%/2
z9=R—g 0g = arcsin z / -z
2 zh\/_ 4

The definitions of the characteristic points are summarized in Table A.

B. Response surfaces of moments
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Figure 20: Response surface of moments /Q ¢, dx, @ =1,...,(q+ 1)?, in terms of the normalized radial position 2 € [0, 1]
and the normalized angular position § € [0, 1] in cut case one for a fixed radius R = 5 and the quadrature order g = 2.
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Figure 21: Response surface of moments fﬂ ¢, dx, a =1,...,(g+ 1)?, in terms of the normalized radial position 2 € [0, 1]
and the normalized angular position § € [0, 1] in cut case three for a fixed radius R = 5 and the quadrature order g = 2.
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Figure 22: Response surface of moments /Q ¢, dx, @ =1,...,(q+ 1)?, in terms of the normalized radial position 2 € [0, 1]
and the normalized angular position § € [0, 1] in cut case five for a fixed radius R = 5 and the quadrature order g = 2.
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Figure 23: Response surface of moments fﬂ ¢, dx, a =1,...,(g+ 1)?, in terms of the normalized radial position 2 € [0, 1]
and the normalized angular position § € [0, 1] in cut case nine for a fixed radius R = 5 and the quadrature order g = 2.
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